We investigate a quantum coding for quantum communication over a PD (partially degradable) degradable quantum channel. For a PD channel, the degraded environment state can be expressed from the channel output state up to a degrading map. PD channels can be restricted to the set of optical channels which allows for the parties to exploit the benefits in experimental quantum communications. We show that for a PD channel, the partial degradability property leads to higher quantum data rates in comparison to those of a degradable channel. The PD property is particular convenient for quantum communications and allows one to implement the experimental quantum protocols with higher performance. We define a coding scheme for PD-channels and give the achievable rates of quantum communication.
The mathematical formalism that stands behind the information theoretic description of a quantum channel represent a flexible framework, which allows for one to study the quantum information conveying capabilities of noisy quantum links. In this work we reveal that more efficient quantum communication is possible over a PD (partially degradable [13] [14] ) channel in comparison to standard degradable quantum channels. The definition of conjugate degradable quantum channels was introduced by Bradler et al. [1] . They showed that for a conjugate degradable channel the complex conjugated environment state E can be simulated from the channel output B. In their examples [1] , the connection between environment states E and was a complex conjugation. For a PD channel the connection between E and is a degrading CPTP (Completely Positive Trace Preserving) map [13] . Currently, we have no result for the rates of quantum communication over a PD channel that can be achieved by polar coding. The polar coding [4] has been already studied in the quantum setting, and results have been obtained on the rates of classical and quantum communication over degradable and anti-degradable channels [6] [7] [8] [12] [13] . On the other hand, up to this date the possibilities of partial degradability are still unrevealed. Here we show that if a quantum channel is both degradable and has the PD property, then polar codes can produce better performance in comparison to degradable channels. As we have found, the rate of quantum communication with polar codes can be exceeded in comparison to the currently known results on degradable channels [7] [8] . By exploiting the PD property, quantum communication will be possible in a regime nearer to the channel's quantum capacity [9] [10] [11] in comparison to polar codes that were developed for degradable channels.
This paper is organized as follows. First, we define the codeword sets for a PD channel, and then we give the rates of the quantum communication. In the Supplemental Material, we study the performance of the code. For a PD channel, we use the following description (see Fig. 1 
The frozen bits from the set of ( )
require pre-shared entanglement. We extend the results on a degradable channel for a PD channel. channel  , we define two sets that are "good" for a PD channel but "bad" for a degradable channel, and as follows:
and the amplitude and phase frozen sets for a PD channel as
are the amplitude or phase frozen sets for a degradable channel, and
where
along with
From the quantity of (8) trivially follows, that if is equal to a complex conjugation , then ; for this case the performance of the code is equivalent to the codes that of degradable channels.
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For a PD channel with degrading map it results in a new "good", denoted by , and defined as:
, ,
with
where , and
and k is the level of the polar structure [3] . In comparison to a degradable channel, for a PD channel, the density matrices of the frozen bits will be selected from the sets and , instead of and . The bad set is defined as in the case of degradable channels . Set will not be used as frozen bits, since the channel is degradable.
(On the rates of polar coding for a PD channel). For the non-empty set , 
and since the elements of set are not transmitted over the channel (Bob synthesizes from the corresponding subset of by using Hadamard operations in the decoding process):
and
along with relations
, which follows from the fact that and
see (13) and (14) . For a PD channel and , which demonstrates that the defined codewords sets , , and are pairwise disjoint, where
)
Using the codeword construction defined for the PD channel, the ( ) Q R  rate can be achieved over the channel can be expressed as: 
where , and are the Holevo information of the channels , and
Combing this result with (13) and (14), 
The result obtained in (27) can be rewritten as follows: 
From the polar encoding scheme, it follows that for :
and for the fidelity parameters of :
If (29) and (30) hold, then ( ) . Using the defined sets it follows that 
After some steps of reordering, we get that 
Since channel is degraded [8] ,
These results also mean that the codeword sets , , , and  are disjoint sets with
hence for a PD channel  we get:
It can be rewritten as follows:
The available codewords for quantum communication over a PD channel will be
which concludes our proof. These results show that for the non-empty set , the results on rate of quantum Alice and the environment. For these sets and . As we have found, this is not the case, if the degradable channel is also partially degradable. While for a degradable channel, only the set can be used for quantum communication, the situation will change for a PD channel, since this property causes changes in the information of complementary channel. In this case, the achievable codeword set for quantum communication is 
The extended set results in higher quantum communication rates in comparison to a degradable one. The amount of information in the degraded environment state outputted by channel is less than in the environment state E, outputted by channel . This property results in better quantum communication rates over PD quantum channels in comparison to a quantum channels that has no the PD property. The results allow to implement quantum protocols over quantum links with higher performance than it is currently available by the standard quantum codes.
Supplemental Information
Performance of the Coding Scheme. To study the performance of the polar coding scheme over a PD channel, we will use the 1 cloning channel [1, 8] , where is equal to a complex conjugation , and
. The values are calculated by the fidelity parameters of the resulting logical 1 cloning  is , if it belongs to the "good" logical channel set and if it belongs to the "bad" ("bad" set: cannot transmit amplitude and phase simultaneously) logical channel set [3, [7] [8] 12] . The lower bound of is given as
 is the fidelity of the i-th
 fidelities of the logical 1 cloning channels, the set of analyzed channels can be restricted to the set . Set will contain only those cloning channels for which . Using the restricted set  of channels, the upper bound on can be evaluated as
, where )  is the fidelity of the i-th
. An equality on the block error probability also follows from Arikan's results [3] , the encoded state in the given sequence r , by using projectors
, the equality follows for the block error probability : 
